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Math 8 - Final Exam

March 22, 2007

Instructions:

e This exam consists of 8 problems totalling 100 points, and one bonus problem worth
up to 10 points.

e You must show all your work and fully justify your answers in order to recieve full
credit. Partial credit will be given for work that is correct and relevant. Your proofs
will be graded for clarity and organization, in addition to correctness.

e No books, notes or calculators are allowed.

e Write your answers on the test itself, in the space alotted. You may attach additional
pages if necessary.
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1. (15 pts) Write the following statements using symbols only, and no words. (You do
not have to prove them.)

(a) “Every rational number is equal to the ratio of two integers ”
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(b} “The square of any even integer is even.”
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(¢} “Any set of natural numbers contains a least element.”
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2. (15 pts) Are the following propositions True or False? Give brief justifications for your
answers. {The domain of interpretation for all variables is R.)

(a) Vz 3y (—y <z < vy)
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(b) FzVy (v > 0= 2y > 1).
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3. (10 pts) Are the following statements true for all functions f: A — Band g: B — 7
Give a proof or a counterexample for each.

(a) If go f is bijective, then f is bijective.
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{(b) If g is surjective, then g o f is surjective.
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4 (10 pts) Give examples of functions with the given properties, or explain why none can
exist.

(a) An injective function f: N3 x N3 — P(Nj).
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(b) An injective function g : R — R that is not surjective. (It may help to think of
the graph of such a function )
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5. {15 pts) Consider the relation = on R, defined by

a=bsa-bel

for any a,b € R.

{a) Show that = defines an equivalence relation on R.
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(b} Describe the equivalence classes of =

¢ xe®, [x)= {%g lR = XY
"{jeﬂl\‘i\*“ i
= e R\ Ine 2L~ K+ )y
Crman A o{- ol A~ i s o b huineh \"“;L
MM% Comg O X,
Tlase ® T Q)z,a»dl“(y VAR e?uivde/mc,& clagg
Q&_( e o~ ceadl nwmber Y.F:[D}\j__

6



6. (10 pts) Let z > ~1 be a real number Prove for any integer n > 1 that

(1+z)">1+nz

Dhe s Lelncisn on
T%b-«u\&%{):ﬂ:\; L\m\-x\\z L4 v Trwe .
ndodve AP L Asqume LT 7 Lblex fae

G '\V\"Jr{%)-'f W=,

Trne G = Qo L™ = e (Lekex)
\@\j "r\,\k \,V\_QL\AC;\‘{VL \'\-[(’)Pv\"b\,&g N

O, S K=l =D L4 X5 O,

Q.\.x\(_\-k bx) = L+ X 4 lex 4+ lex® >, L+ Qe )y

(e )t =2 L (e

By L dmon (LYY Z L nx M eN,



7. (15 pts) For any function f : A — B, we define functions g : P(A) — P(B) and
h:P(B) — P(A) as follows.

g(X)={be Bz e X [b= f(z)]} for any X C A4,
MYY={acA| fla)eY}forany Y C B.
(a) Prove that g(h(Y)) CY forany Y C B.
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(b) Prove that if f is surjective, then g(h(Y)) =¥ for any ¥ C B
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(c) Give an example of a function f : A — B and a subset ¥ C B such that
g(h(Y)) #Y
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8. (10 pts) Suppose A and B are countable sets. Prove that A U B is also countable.
(Hint: Can you partition N into two countable sets?)
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9. (Bonus, 10 pts) A class of students is told that instead of a final exam, they will each
be given a blue or red hat (so that each can see the color of everyone else’s hat except
for his/her own), and be asked to guess the color of their own hat. Tf every student
guesses the correct color of his/her hat, OR if every student guesses the incorrect color,
then everyone will get A’s. Otherwise (i.e, if some guess right and some guess wrong),
everyone will fail. Of course, no talking or other communication is permitted during
the “test”, but the class can plan a strategy beforehand. Describe a strategy that
guarantees they will all pass.
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