
CCS INTRODUCTION TO ANALYSIS: PROBLEM SHEET V
MARCH 7, 2006

Answers should be neatly written out on letter-sized paper. Please write on only one side

of each sheet of paper, and please begin each new answer on a fresh page.

(1) Let f be continuous on [a, b] and let f(x) = 0 when x is rational. Prove that f(x) = 0

for every x in [a, b].

(2) Let f, g, and h be defined on [0, 1] as follows:

f(x) = g(x) = h(x) = 0, whenever x is irrational;

f(x) = 1 and g(x) = x, whenever x is rational;

h(x) = 1/n if x is the rational number m/n (in lowest terms);

h(0) = 1.

Prove that f is not continuous anywhere in [0, 1], that g is continuous only at x = 0, and

that h is continuous only at the irrational points in [0, 1].

(3) The real valued function f is continuous on (0, 1) and satisfies 0 < f(x) < x for all

x ∈ (0, 1). The sequence of functions (fn) (n = 1, 2, ...) on (0, 1) is defined by

f1(x) = f(x), fn(x) = f(fn−1(x)) (n = 2, 3, ...).

Prove that fn(x)→ 0 as n→∞ for all x ∈ (0, 1).

Show by a counterexample that the result need not be true if f is not continuous every-

where in (0, 1).

(4) The chord joining the points (α, f(α)) and (β, f(β)) of the curve y = f(x) is said to be

horizontal if f(α) = f(β). Suppose that f is continuous in [0, 1], and that the chord joining

the endpoints (0, f(0)) and (1, f(1)) is horizontal. By considering the function g defined on

[0, 1/2] by g(x) = f(x + (1/2))− f(x), show that the curve y = f(x) has a horizontal chord

of length 1/2 in [0, 1]. Show, more generally, that it has a horizontal chord of length 1/n for

each positive integer n.
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(5) Give either a proof or a counterexample of each of the following statements (in what

follows, f is a real-valued function):

(a) Suppose that a function f is uniformly continuous on the interval 0 < x ≤ 1. Then f

is bounded on this interval.

(b) Suppose that f is continuous for x ≥ 0, and that f(x) → L as x → ∞ (where L is

finite). Then f is uniformly continuous for x ≥ 0.

(c) Suppose that f is uniformly continuous for x ≥ 0. Then f(x) tends to a limit (finite

or infinite) as x→∞.

(6) Let f be a real-valued, monotonic function on the interval (a, b). Show that the

set of points of (a, b) at which f is discontinuous is at most countable. [Hint: Suppose

that y ∈ (a, b). You might wish to begin by contemplating f(y+) = limx→y+ f(x) and

f(y−) = limx→y− f(x).]

(7) Let (a, b) be an open interval, and let E be any countable subset of (a, b). (In particular,

E may even be dense in (a, b).) Show that there exists a real-valued function f on (a, b)

which is monotonic and discontinuous at every point of E, but continuous at every other

point of (a, b).
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