CAT() IS AN ALGORITHMIC PROPER TY

MURRAY ELDER AND JON McCAMMOND 1

Abstra ct. In this article we give an explicit algorithm which will de-
termine, in a discrete and computable way, whether a nite piecewise
Euclidean complex is non-positively curved. In particular, given such
a complex we show how to de ne a boolean combination of polynomial
equations and inequalities in real variables, i.e. a real semi-algebraic
set, which is empty if and only if the complex is non-positively curved.
Once this equivalence has been shown, the main result follows from a
standard theorem in real algebraic geometry.
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In this article we prove that for every nite collection of Euclidean poly-
topes, there exists a nite list of forbidden con gurations which determine
the non-positively curved complexesthat can be built out of these shapes.
More speci cally, a complex built out of theseshapeswill be non-positively
curved if and only if it avoids these forbidden con gurations. The general
result for arbitrary curvatures is as follows:

Theorem A. If S is a nite collection of shages with curvature , then
there exists a nite list of con gurations C such that an M -complex K
with Shapes(K) S is locally CAT( ) if and only if K avoids all of the
con gur ations in C.
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Notice, howewer, that Theorem A merely assertsthe existenceof a nite
list of forbidden con gurations that needto be avoided. It doesnot, in and
of itself, show that there is a procedure for deciding whether a particular
nite complexis locally CAT ( ). The secondhalf of the article is devoted
to proving this stronger assertion. In particular we prove the following:

Theorem B. There existsan algorithm which determineswhetheror not a
nite M -complexis locally CAT( ).

Two special casesare of particular note. Theorem B shaws that it is pos-
sible to test whether a nite, piecewiseEuclidean complexis non-positively
curved and to test whether a nite, piecewisehyperbolic complex is nega-
tively curved.

The proof of Theorem B proceedsby cornverting curvature considerations
into a real semi-algebraic set which is empty if and only if the complex
is CAT( ). A real semi-algebaic subsetof " is a subsetwhich can be
described by a nite boolean combination of polynomial equations and in-
equalities in n real variables. The main property of real semi-algebraicsets
we will needis that given a boolean combination of polynomial equations
and inequalities in n variablesthere is an algorithm which decideswhether
this system has a solution. This is a special caseof Tarski's theorem that
the elemenary theory of the reals is decidable. See[2] or [5] for details.
Thus, oncethe corversion to real algebraic geometry has been completed,
the existenceof an algorithm will be immediate.

Finally, we should note that in dimension 3 there exists a particularly
elemertary procedurewhich avoids real algebraicgeometryaltogether. Since
this algorithm di ers substartially in avor from the onegiven below, it will
be described elsewhere.See[7] for details.

Overview of the Sections

In the rst two sectionswe brie y review somebasic de nitions and results
from polyhedral geometry, and comparisongeometry They are included for
completenessand can readily be skipped by the reader familiar with these
areas.

In Section 3 we intro duce our main technical tool, that of a gallery, and
establishits main properties. In Section4 we analyzehow to describe piece-
wise geadesicsin galleries using polynomial equations and inequalities and
in Section 5 we perform a similar analysis for local geadesics. These two
sectionsrepresen the heart of the proof.

In Section 6 we shaw that the coe cien ts that arisein the encaling pro-
cessare no worse that the original lengths in the original complex, and
nally , in Section7 we preser the proof of the main theorem, Theorem B.

1. Pol yhedral geometr y

We begin by reviewing the necessarybadkground regarding polyhedral
geometry A metric space(K;d) is called a geodesic metric space if every



CAT(0) IS AN ALGORITHMIC PROPERTY 3

pair of points in K can be connectedby a geaesic. The gealesic metric
spaceswe will be primarily interestedin will be cell complexesconstructed
out of convex polyhedral cellsin ", " or ". After describingthesespaces,
we will quickly review their relationship with comparisongeometry Details
can be found in [1], [3], [4], and [9].

De nition 1.1 (Polyhedral cells). A convex polyhedral cell in " or "is
the corvex hull of a nite set of points. The convex hull of n + 1 points
in generalposition is an n-simplex A polyhedral cone in " is the positive
conespannedby a nite set of vectors. If the original vectors are linearly
independer, it is a simplicial cone. A cell (simplex) in " is the intersection
of a polyhedral cone(simplicial cone)in " with ",

A sphericalcell which doesnot contain a pair of antip odal points is proper.
All Euclidean and hyperbolic cells are consideredproper. Notice that every
sphericalcell canbe subdivided into proper sphericalcellsby it cutting along
the coordinate axes. If denotesa proper convex polyhedral cell, then
will denoteits interior and @ will denoteits boundary.

De nition 1.2 (M -complexes) An -complex [ -complex, -complex]is
a connectedcell complexK make up of proper hyperbolic [Euclidean, spheri-
cal] cells glued together by isometriesalong faces. A cell complex which has
an -complex, an -complex, or an -complex structure, will be called a
metric polyhedral complex or M -complex for short where denotesthe cur-
vature constart commonto all of its cells. More generally an M -complex
is formed from polyhedral cells with constart curvature

Convention 1.3 (Subdivisions). As noted above, every spherical cell can
be subdivided into proper spherical cells. Since proper spherical cells are
required in an -complex, a subdivision will occasionally be necessaryin
order to corvert a complex built out of piecesof spheresto be considered
an -complex.

De nition 1.4 (Shapes). If K isan M -complex, then the isometry types
of the cells of K will be called the shapes of K and the collection of these
isometry typeswill be denoted Shapes(K). When Shapes(K) is nite, K

is said to have only nitely many shapes Notice that sincecellsof dierent
dimensions necessarilyhave di erent isometry types, nitely many shapes
implies that K is nite dimensional. It does not, howewer, imply that K

is locally nite. Notice alsothat if K is an M -complex with only nitely

many shapes, then there is a subdivision K ? of K where the cells of K %are
proper and simplicial, and Shapes(K 9 remains nite.

De nition 1.5 (Paths and Loops). A path in a metric spaceK is a con-
tinuousmap :[0;']! K. A pathisclosal if (0) = (). Aloopisa
closedpath wherethe basemint (0) hasbeenforgotten. Tednically, aloop
is viewed as a continuous map from a circle to K. The circle of perimeter °
will be denoted C-.



CAT(0) IS AN ALGORITHMIC PROPERTY 4

De nition 1.6 (Piecewisegealesics) Let K bean M -complex. A piece-
wise geodesic in K isapath :[a;b! K where[a;b] can be subdivided
into a nite number of subintervals sothat the restriction of to ead closed
subinterval is a path lying entirely in someclosedcell of K and that this
path is the unique geadesicconnectingits endpoints in the metric of . The
length of , denotedlength( ), is the sum of the lengths of the geadesicsinto
which it can be partitioned. A closeal piecewise geodesic and a piecewisege-
odesic loop are de ned similarly. The intrinsic metric on K is de ned as
follows:

d(x;y) = infflength( )j is a piecewisegealesicfrom x to yg

In generald is only a pseudometric, but when K has only nitely many
shapes, d is a well-de ned metric and (K;d) is a gealesic metric space[4,
Theorem 7.19].

Convention 1.7 (Parameterizations). If : [0;°] is a piecewisegealesic,
we will always assumethat the map has beenreparameterized by arc-
length. In particular, = should be the length of and for all subintervals
[a;b] in [0; 7], the length of ([a;b]) should be exactly b a. Following the
samecorvertion, if aloop is a closedpiecewisegeaesicof length °, then we
will assumethat its domain is a circle whosecircumferenceis *. We will use
C: to denote suc a circle and we will identify the points on C- with reals
mod ~ and in particular with the points [0; ).

De nition 1.8 (Size). The size of a piecewisegeadesic :[0;]! K isthe
number of open cellsof K through which ([0;]) passeswith multiplicities.
Tednically, the sizeof is the minimal number of subintervals (open, half-
open, or closed) into which [0; ] must partitioned so that the image of
ead subinterval lies in a single open cell of K. Note that some of these
subintervals may be single points. The fact that is a piecewisegealesic
ensuresthat the sizeof is nite.

De nition 1.9 (Links). Let K bean M -complexwith only nitely many
shapesand let x be a point in K. The set of unit tangernt vectorsto K at x
is naturally an -complexcalledthe link of x in K, or link (x; K). If K has
only nitely many shapes,then link (x; K) hasonly nitely many shapes.

When x lies in the interior of a cell B of K, link (x; B) is a sphere of
dimensionk = dimB 1 sitting inside link (x; K). Moreover, the complex
link (x; K) can be viewed as a spherical join of K and another -complex,
denotedlink (B;K), which canbethought of asthe unit tangernt vectorsto
x in K which are orthogonal to B. The complex link (B;K) is called the
link of the cell B in K. Once again, if K hasonly nitely many shapes,
then link (B;K) hasonly nitely many shapesaswell.

De nition  1.10 (Local gealesics) Let K bean M -complex. A piecewise
gedlesic in K iscalledalocal geodesicif for ead point x on , the incoming
and outgoing unit tangen vectorsto at x are at a distance of at least
from ead other in link (x; K).
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The sizeand length of local gealesicsare closely related.

Theorem 1.11 (Bridson). If K is an M -complexwith only nitely many
shages, then for every ™ > 0 there exist an integer N > 0, depending only
on Shapes(K), suchthat every local geodesic of size at least N has length
at least °.

For a proof of this result see[3, Theorem 1.11] or [4, Theorem 1.7.28].
Both referencesstate this theoremin a more generalform using the concept
of a taut- m-string. We merely needto note that local geadesicsare taut-
m-strings and the size of a local geadesic , as de ned above, is within a
constart factor of the integer m when is viewed as a taut- m-string.

Remark 1.12 (Constructing N). The existen® of a constart such asN is
important, but for our purposes,we needto know more. There needsto
be an algorithm which constructs an integer N which will work solely from
Shapes(K) and the real number °. There is indeed such an algorithm, and
we will return to this issuelater in the article. SeeLemma5.3.

Notice that it isin fact su cien t to construct an N that will work for one
particular value of *. That is, if every local geadesicof sizeN haslength at
least *, then ewery local gedadesicof sizek N will have length at leastk °
Thusfor an arbitrary , the leastinteger greaterthan ~ N will work for

2. Comparison geometr y

Metric polyhedral complexesare particularly useful in the creation of
metric spacesof non-positive curvature. As in the previous section, details
can be found in [1], [3], [4], and [9].

De nition 2.1 (Globally CAT( )). Let K be a geadesic metric space,let
T be a gedesictriangle in K, andlet = 1, [or O, or 1]. A comparison
triangle for T isatriangle T%n 2,[or 2 or 4 with the samesidelengths
asT. Notice that for every point x on T, there is a corresponding point x°
on T® The spaceK is called glotally CAT (), if for any geadesictriangle T
in K [of perimeter lessthan 2 when = 1] and for any points X and y on
T, the distancefrom x to y in K is lessthan or equalto the distancefrom x°
toy%in 2[or 2or 2. Finally, aspaceK is calledlocally CAT () if every
point in K hasa neighborhood which is globally CAT( ). Locally CAT (0)
spacesare often referred to as non-positively curved and locally CAT( 1)
spacesare called negatively curved.

Theorem 2.2. In aglokally CAT (0) space, everypair of points is connected
by a unique geodesic, and a path is a geodesic if and only if it is a local
geodesic.

The next two results about M -complexesshonv how global properties
such asCAT ( ) canbereducedto local properties and how local properties
can be reducedto the existenceof gealesicsin -complexes.
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Theorem 2.3. LetK bean M -complexwhich contains only nitely many
shapes.

1. If K isan -complex, then K is glokally CAT( 1) if and only if it is
locally CAT ( 1) and simply-connected.

2. If K is an -complex, then K is glokally CAT (0) if and only if it is
locally CAT (0) and simply-connected.

3. If K is an -complex,then K is glotally CAT (1) if and only if it is
locally CAT (1) and and there are no geodesic cyclesof length< 2 .

Theorem 2.4. If K is an M -complex, then the following are equivalent:

1. K is locally CAT( ).

2. The link of each vertexin K is glokally CAT (1).

3. The link of each cell of K is an -complexwhich contains no closel
gendesic cycle of length lessthan 2 .

Thus showing that -complexesare CAT( 1) or that -complexes are
CAT (0) ultimately dependson being able to show that various -complexes
contain no short gealesiccycles. In order to study short gealesiccycleswe
introduce the conceptof a con guration. Con gurations are related to the
\ nite models" usedby Bridson and Hae iger [4]. We will usecon gurations
and the following theorem, which is a restatemen of Theorem1.11,to prove
Theorem A.

Theorem 2.5. If K is an -complexwith only nitely many shages, then
there is a constant N depending only on Shapes(K), suchthat every local
geodesic of length lessthan 2 has size lessthan N. In other words, if K
contains a short closal geodesic , then is contained in a nite sulomplex
of K which is the union of at most N cells from Shapes(K).

De nition 2.6 (Con gurations) . A con guration C is a nite -complex
C which contains at least one closedgeadesic of length lessthan 2 . An
M -complex K contains a con guration C if C isometrically embeds as a
subcomplex of link (B;K) for somecell B in K and under this enmbedding
at least one of the short closedgealesicscortained in C is sert to a short
closedgedlesicin link (B;K). If K doesnot contain a con guration C,
then K avoids this con guration.

If we x the set of shapesunder consideration and let the M -complex
vary, then Theorem 2.5 can be restated as an assertionabout the existence
of nite lists of forbidden con gurations which characterize which of the
complexesbuilt out of theseshapesare CAT( ).

Theorem A. If S is a nite collection of shages with curvature , then
there exists a nite list of con gurations C such that an M -complex K
with Shapes(K) S is locally CAT( ) if and only if K avoids all of the
con gur ations in C.

Proof. By Theorem 2.4it is su cien t to determine whether the link of a cell
in K contains a closedgedaesicof length lessthan 2 , and by Theorem 2.5
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this closedgealesicmust live in a nite subcomplexwhosesizeis uniformly
boundedby a constart which dependsonly on the set of shapesin S. Since
there are only a nite number of nite complexesof bounded size built out
of the links of facesof shapesin S (up to isometry), the list of con gurations
which will destroy the property of being locally CAT( ) is contained in a
nite list of possibilities. Even though this doesnot determine which ones
they are, this doesshow that the list of forbidden con gurations is nite. [

As we noted in the introduction, Theorem A merely assertsthe existence
of a nite list of forbidden con gurations that needto be avoided but it
does not provide an algorithm to construct the list. At presen there are
very few instanceswherethe nite list for somecollection of shapesis known
explicitly. One of the main results along these lines is Moussong'sLemma
which was rst stated by Gromov ([8]) in the special casewhere all 1-cells
in K havelength =2 and proved in generalby Moussongin his dissertation

9.

Example 2.7 (Moussong'sLemma). Moussong'sLemma states that if K
is a simplicial -complexwith only nitely many shapesand all of the 1-cells
of K have length at least -, then K is globally CAT (1) if and only if K
is a metric ag complex. A simplicial complex is called a ag complex if
every 1l-skeleton of an n-simplexis lled in with an n-simplex. A simplicial

-complexis called a metric ag complexif every 1-skeleton of an n-simplex
whoseedgelengths are those of a possibleproper sphericaln-simplexis lled
in with a copy of that n-simplex. This means,for example,that three 1-cells
in an -complexead with length neednot and cannot bound a spherical
triangle.

When all of the 1-cells have length =2, the metric ag condition re-
ducesto the (non-metric) ag condition. Moussong'slemma thus enables
a researter to easily determine whether an n-dimensional cubical complex
with the usual metric has a locally CAT (0) structure. The nite list of
forbidden con gurations in this caseis the collection of empty simplicesin
dimensions2upton 1.

One way to paraphrase Theorem A is that for any nite collection of
piecewiseEuclidean or piecewisehyperbolic shapes,there is a nite descrip-
tion (similar to that in Moussong'slemma) of the conmbinatorial conditions
neededin order for a complex built out of these shapesto be CAT (0) or
CAT( 1). Such nite descriptions must exist by Theorem A, but most of
them remain undiscovered.

3. Galleries

In this section we de ne one of our certral concepts: that of a gallery.
A gallery is a more precisetool than a con guration, as will becomeclear
belov. The term \gallery" has beenborrowed from the study of Coxeter
groups since a geadesic gallery in a Coxeter complex will be an example of
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a linear gallery as de ned belon. The galleries de ned here will be either
linear or circular and we begin by de ning the linear ones.

De nition 3.1 (Linear Galleries). Let K bea M -complex,let :[0;’]!
K be a piecewisegedalesicin K, let k is the sizeof , andlet f ,g&, be
the sequenceof open cellsthat passesthrough. Finally, assumethat for

all 1< i< k, jiseither acommonfaceof both ;+; and ; ;1 which are
distinct or else both of these are incompatible facesof ;. In the former
case,we sa that ; is a bottom cell, and in the latter ; is antop cell in the
sequence.

The linear gallery G determined by is constructed inductiv ely from this
sequencenf open cells. To start the induction, let G; be a copy of the closed

cell 1,let 1 beall of G, andlet 1 : 1! 1 be a specic isometry
between 1 and 1. The cell ; in G, will always be isometricto ; by a
speci ¢ isometry ; and the complex G+1 will always contain the complex
G as a subcomplex. We call ; the active cell in G . Next, assumethat
for somei 1 we have de ned the complex G, its active cell ;, and an
isometric ; : ;! . The inductive step dependson whether ; is a top
cell or a bottom cell.

If i+1 isabottom cell,thendene G = G,dene v = ; *( i+1)

and de ne +1 asthe restriction of ;t0 j+1.

If ; is atop cell, then dene let j+1 beacopy of j+1,let i1 :
i+1 ! i+1 be an isometry between the two, and let G+; be the

complex formed by gluing G to j+; along their distinguished faces

isometric to ;. Speci cally identify i+11( i) i+1 With G in

the obvious fashion. Note that when G is viewed as a subcomplex of

G+1, j+1 IS an extensionof ;.

The linear gallery G is simply the nal complex G. The cells ; and
in G arethe endells of G. The interior of G, denotedG , is the union of the
opencells j,i= 1;:::;kin G The boundary of G, denoted @5, is the open
cellsin G which are not in the interior. Notice that sincethe various maps

i are compatible on their overlaps, the gallery G comesequipped with a
map :G! K which is an isometry when restricted to any of the closed
cellsof G.

Example 3.2. Let K bethe 2-dimensional -complex formed by attaching
the boundaries of two regular Euclidean tetrahedra along a 1-cell. The
complex K is shavn in the upper left corner of Figure 1. Let be the
gealesic shavn which starts at x travels acrossthe front of K, around the
badk, over the top, and endsat y. The gallery determined by in shown in
the upper right corner, its interior in the lower left corner and its boundary
in the lower right of Figure 1.

De nition 3.3 (Circular Galleries). Let K beaM -complex,let :C-!
K be a closedpiecewisegedalesicin K, let k is the sizeof , andlet f | gk,
be the sequenceof open cellsthat  passesthrough. Finally, assumethat
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Figure 1. The 2-complex and linear gallery described in
Example 3.2.

forall1 i k, ;iseither a common faceof both ;1 and ; 1 which
are distinct or else both of these are incompatible facesof ; where the
subscripts are interpreted mod k.. In the former case,we sa that ; isa
bottom cell, and in the latter ; is an top cell in the sequence.

As in De nition 3.1, the circular gallery G determined by is constructed
inductiv ely from the sequenceof opencellsthat passeghrough. Let a be
an arbitrary point in C-, say onewhoseimageliesin ;. If we cut the circle
at a we obtain a path °of length * in K which is a piecewisegealesicand
which happensto start and end at the samepoint, %a). Next, we construct
a linear gallery G° for the path °asabove. Finally, we identify the endcells
of G°to form the circular gallery G.

It should be clear that the end result is independert of the choice of a,
and that the circular gallery G comesequippedwith amap : G! K which
is an isometry when restricted to any of the cells of G.

De nition 3.4 (Galleries in complexes) Let K beaM -complexwith only
nitely many shapes. A complexGwith amap :G! K will becalleda
linear gallery in K if there is a piecewisegeadesic satisfying the necessary
restrictions which determinesG and . A circular gallery in K is de ned

analogously We should note that when we speak of a linear gallery G in

K, we implicitly assumethat G has a speci ed pair of endcells, and ,

and aspecied map :G! K. From this information we can recover the

interior G and the linear ordering on the open cellsin G . Similarly, when
we speak of a circular gallery G in K, we implicity assumethat G has a

specied map :G! K. From G we can reconstruct its interior G and

the circular ordering of open cellsin G .

Remark 3.5 (RecognizingGalleries). Let :G! K bemap from a nite

complexto K which is an isometry whenrestricted to a closedcell of G, and
let and be two distinguished closedcellsin G. It is easyto determine
whether G is a linear gallery with endcells and as determined by some
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piecewisegedadesicin K . If Gis a gallery, then the maximal cellsin the face
lattice of G are the top cells of the gallery. There needsto exist an ordering
of thesecellssothat adjacert top cells have non-trivial intersections. These
intersectionsare the bottom cells. If or isnot in the list of top cellsthen
the cells cortaining them are also bottom cells. At this point, we simply
chedk whether the two bottom cells adjacert to a top cell are incompatible.
If all of these conditions are true, then G is a gallery determined by some
piecewisegeadesic. Sincethere are only nitely many maximal cellsin G
and only nitely many linear ordering on this set, we can chedk all of the
possibilities. A similar procedurewill determine whetheramap :G! K

from a nite complexto K which is an isometry when restricted to a closed
cell of Gis a circular gallery determined by someclosedpiecewisegeadesic.

Lemma 3.6. Let K be an M -complexand let :G! K be the linear
gallery determined by a piecewisegeodesic : [0;]! K. The map lifts
through in the sensethat there is path %: [0;°] ! Gwith = 0
Moreover, Cis a piecewisegedesicin G WhICh starts in the one endell of
G, endsin the other, and passesmonotonically throughthe open cellsin G .

Proof. The notation of De nition 3.1 will be usedwithout commert. Parti-
tion the path into open, closedand half-open subintervals sothat the i-th
subinterval is sert to the i-th opencell, ;,in K that passeghrough. If ;
is atop cell, then it contains the adjacert bottom cellsin its boundary and
thus ; contains the imagesof the (i  1)-st and the (i + 1)-st subintervals if
they exist. Thusall three subintervals can be simultaneously lifted to i\ G
via the isometry ; 1. Sincetheselifts agreeon the bottom cells where they
overlap, they combine to form the required path © The secondassertionis
immediate from the de nition of G. O

Remark 3.7 (Geodesicsin galleries) Note that seweral piecewisegealesics
may determine the samelinear gallery Gin K. If is one of these paths
which determine G, then we say that G contains . Notice in particular that

if G cortains , then the lift Cof to G will be a piecewisegeadesicin G

which starts in one endcell of G, endsin the other endcell of G and which
progressesmonotonically from one endcellto the other. Conversely given a
piecewisegeadesic °in G satisfying theserestrictions, it is easyto seethat

its -imagein K will be a piecewisegealesic which determinesG.

Lemma 3.8. Let K be an M -complex,and let : G! K be either the
linear gallery determined by a geodesic : [0;]! K., or the circular gallery
determined by a closel geodesic : C- ! K. If Ois the lift of to G and

. is an open cell in G, then the inverse image of ; under Cis a closa
subinterval of [0;] or C- when ; is a bottom cell and an open subinterval
when  is a top cell.

Proof. Notice that ; is a closedsubspaceof G when ; is a bottom cell
in G and an open subspacewhen ; is atop cell in G. Thus the preimage

of ,; is a closed [respectively open] subspaceof [0;"] or C- when ; is a
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bottom [top] cell. Since °© proceedsmonotonically through the interiors of
the ; (Lemma 3.6), these open/closed subspacescan only be open/closed
subintervals. O

Lemma 3.9. Let K be an M -complex,andlet : G! K be either the
linear gallery determined by a geodesic :[0;°]! K, or the circular gallery
determined by a closal geodesic : C- ! K. If Ois thelift of to G and

is a bottom cell in G, then the inverse image of under 9is a single
point. The sameis true for circular gallery.

Proof. If is a bottom cell whosepreimageunder ©is not a single point,
then by considering and an adjacert top cell, it is easyto seethat °(and
hence ) is not a local geadesic. This shaws that preimagesof the interiors
of bottom cells must be single points. O

Lemma 3.10. Let K bean M -complexandlet :G! K be the linear
gallery determinad by a geodesic  : [0;°]! K. If Cis thelift of to G,
andL = f0=xg< x1 < < Xk =g [0;7] is the list of point preimages
of bottom cells under °togetherwith the endmints of the the interval, then
the imageof %in Gis completely determined by the imagesof the points in
L. Moreover, %is an embkedding.

Proof. If denotesa top cell in G, then the preimageof under Cis an
closedsubinterval [x;j; Xj+1] for somei (Lemma 3.8 and Lemma 3.9). Since
Ois a local geadesic, and sincethe image of this subinterval lies completely
in the closedcell , this image must be the unique geadesicin  connecting
qxi) to Yxj+1). This shavsthat Cis an embedding and that it imageis
completely determined by the imageof L in G asrequired. O

Lemma 3.11. LetK bean M -complexandlet :G! K be the circular
gallery determined by a closal geodesic : C- ! K. If Cis the lift of

to G andL = fO XxXg< X1 < < Xk < g [0;7) is the list of point
preimagesof bottom cells under © then the image of %in Gis completely
determined by the imagesof the points in L. Moreover, Cis an emiedding.

Proof. If  denotesa top cell in G, then the preimage of under Cis
an closedsubinterval [xj; Xj+1] for somei, or [xx;Xg + ] (Lemma 3.8 and
Lemma 3.9). Since %is a local gealesic, and sincethe image of this subin-
terval lies completely in the closedcell , this image must be the unigue
geadesicin  connecting 4x;) to {xj+1). This showsthat Cis an embed-
ding and that it image is completely determined by the image of L in G as
required. O

Lemma 3.12. LetK bean M -complex,let :G! K bethelinear gallery
determined by a piecewisegeodesic : [0;°]! K, andlet 9:[0;°]! Gbhe
the lift of to G. The map restricted to G is an immersion.

Proof. Let Gbethe linear gallery determinedby a geadesic andlet : G!
K be canonicalmap. The map is clearly an embedding when restricted
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to eat closedcell ; in G. For a point x in the interior of a top cell of
G, there is a neighborhood of x which lies completely in ;. Thus is an
embeddingin a neighborhood of x. If x is a point in the interior of a bottom
cell ; (which is not an endcell of G), then there is a neighborhood of x
which liesin ( ; 1[ , i+1)\ G. The restrictions on now ensurethat

is an embedding when restricted to this subcomplex. Finally, when ; is
a bottom cell which is an endcell, there is neighborhood of x which lies in
either ;1\ G or | 1\ G. O

Lemma 3.13. Let K be an M -complex,let : G! K be the linear [or
circular] gallery determined by a local [closel] geodesic :[0;°] ! K, and
let 2:[0;°]! Ghethelift of to G. There existsa deformation retraction
from G to the imageof ©

Proof. To prove there is a deformation retraction from Gto °we rst note
that for ead bottom cell of G, we can usea radial retraction from ; to the
unique point where Cintersects i (Lemma 3.9). Next for eat top cell |
there are two points which determine the intersection of °with ;. These
two points are either the two endpoints of © an endpoint and a point in
the interior of a boundary cell of ;, or two points in the interiors of two
incompatible boundary cellsof ;. In all three casesit is easyto seethat
there is a retraction of ;\ G which is compatible with the deformations
already de ned on the interiors of the boundary cell(s) of ;. O

De nition  3.14 (Equivalent galleries) Let K be an M -complex and let
G and G° be two of its galleries, both linear or both circular. The galleries
G and G will be consideredequivalent if there is an isometry betweenthem
which presenes their cell structures. They will be consideredidentical if
they are equivalent and they are immersedin K in the sameway. More
speci cally, if Gand G®are immersedin K by maps and © then there is
amap :G! G’showing they are equivalert with = ©

Lemma 3.15. Let K be a M -complex with Shapes(K) nite, let ~ be a
xed real number. If a numbker N satisfying the conclusion of Theorem 1.11
can be constructed from Shapes(K) and °, then there exists a nite, con-
structible list of linear galleries such that every geodesic in K of length at
most ~ determinesa gallery equivalentto a linear gallery in this list. There
is a similar list of circular galleries suchthat every closal geodesicin K of
length at most ™ determinesa circular gallery equivalentto a gallery in this
list.

Proof. We prove the linear case;the circular caseis analogous. Let be
the (in nite) collection of all geadesicsin K of length at most *. By Theo-
rem 1.11thereisan N sud that eadh in passeghrough at most N open
cellsof K. As aresult eath in determinesa gallery formed by gluing
together at most N closedcells, eat of which is isometric to a closedcell
in Shapes(K ). BecauseShapes(K) is nite, there areonly a nite number
of complexeswhich can be formed in this way, and by Remark 3.5 we can
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Figure 2. Spacesand mapsusedin Theorem 4.1

determine which of theseare linear galleries. The linear gallery determined
by must be equivalert to one of them. O

4. Detecting piecewise geodesics

In this section we discussin detail how to seard for piecewisegealesics
of boundedlength in a linear or circular gallery using boolean conbinations
of polynomial equations and inequalities.

Theorem 4.1. If K is nite n-dimensional -complexand G is a linear
gallery in K, then we can construct a system of polynomial equations and
inequalities which has a solution if and only if the gallery G contains a
piecewise geodesic of length lessthan . As a consequen®, there exists an
algorithm to test whether G contains such a piecewise geodesic.

Proof. Let :[0;°]! K be a piecewisegealesic which is contained in G,
andlet °:[0;°]! Ghbeits lift to G. For eah bottom cell in G, let x
be the smallest value in the preimage of under % Sud a value exists
by Lemma 3.8. Clearly the ordering of the x is consistert with the linear
ordering of the bottom cellsin G. Next, dene alist L = fO= Xg < X1 <

< Xk = 'g [0;"] which consistsendpoints of the domain together with
the collection of x de ned above. Let ; and | denotethe open cells of
G cortaining 40) and ") andlet ., 1< i < k denotethe open bottom
cell of G cortaining  Yx;).

If there is an i such that ©doesnot send this subinterval [x;;Xj+1] to
the unique gedalesic connecting Yx;) and qxi+1) in the unique top cell
cortaining both points, then we can de ne anewpath ®with this property
which determinesthe samelist L, but with a strictly shorter length. Thus,
if Gcortains a path of length lessthan , it cortains a path of this type. We
may therefore assumethat ©hasthis shortest geaesicproperty for ead i,
and asa result that Ointersectseah bottom cell of G in a unique point.

We now establish a system of equations and inequalities which will test
whether the sum of the distancesfrom X; to Xj+1,1 = 0;:::;k 1isless
than or not. In one senseall we needto do is to add up the lengths of
the unique individual arcs connecting qx;) to qxi+1), but we wish to do
this with polynomial equations. Let V denote the set of 0-cellsin G and let
E denote the set of 1-cellsin G. We will introduce the necessaryvariables
and equationsin three stages. The spacesand maps used are summarized
in Figure 2.

Step 1: For every v 2 V weintroducea vector tty = (Uy:1;::: ;Uyn+1) IN

N+l and we add the equation ¢, t, = 1 to our system. In other words,
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we intro duce n new varlables Uy;i, I = L;:::;n+ 1 and the polynomial
equation uz.;, + uZ, + U2, = L The vector notation is simply a
conveniert shorthand. Next, for eat 1-celle 2 E connectingv to vOwe add
the equation &, t,0 = coq ) to our system, where is the arc length of
e. Notice that the solutions to this system of equations de ned so far are
in one-to-one correspondencewith the possiblemaps from Gto " which
restrict to an isometry on ead closedcell of G.

Step 2: For ead x; in L, weintroduceavectory; = (Yi-1;:::;Yin+1), and
add the equationy; % = 1 which stipulates that ¥ haslength 1. In addition,
we add equations and inequalites which stipulate that ¥; is a positive linear
combination of the vectors ¢, correspnding to the O-cellsv of ;. When

i is O-dimensional the positive linear combination will reduceto a set of
equations of the form ¥ = .

Notice that we are treating the position of (x;) in ; asunspeci ed. For
example, if the start point (x) liesin a 1-cell e in G with O-cellsv and v°
then the equationsaddedsofar only state that the image of the endpoint x,
¥1, is a positive linear conmbination of the vectors ¢, and t¢,0. They do not
state what coe cien ts of that positive linear conbination are. The variables
and equationsin steps1 and 2 ensurethat encaded in ead solution to these
systemis the description of a distinct piecewisegeadesic path betweenthe
endcellsof G.

Step 3: To chedk whether the total length of Cis at least , we usea 2-
dimensional model space. For ead point x; in L we introduce a new vector
2 = (zi1;Z:2) in 2 starting with z5 = (0;1). Then we add the following
equations:

z2 7z = 1 fori=0/1;::::k
Z 17z = Y1y fori=1:5k
det(z 1;z) > O; fori=1;:::;k

These equations stipulate that the length of  is 1, that the angle between
# and .1 equalsthe angle betweeny; and ¥.+1, and that (%;z+1) IS
a positively oriented frame for 2. The third set of equations has this
interpretation becausethe cells of G are proper and thus all distancesin
these cells are lessthan . Taken together, the secondand third sets of
equationsensurethat z is obtained from z 1 by a counterclockwise rotation
through an angle equal to the distancefrom (x; 1) to (X;) in G. In other
words the points 2o, 21, etc. are marching around the unit circlein 2 in a
counterclockwise direction starting on the positive x-axis.

Step 4: Finally, sinceead angleis lessthan , the length of the geadesic
will be lessthan if and only if ead %, i > 0, has a positive second
coordinate. Thus we add the equationsz;., > 0, fori = 1;::: ;k.

Combining all of the variables and equationsintroducedin ead of these
steps, we get a system of equations and inequalities which has a solution if
and only if G contains a piecewisegealesicof length lessthan . The second
assertionfollows immediately from Tarski's theorem. O
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Figure 3. The 1-complex and gallery described in Exam-
ple 4.2

Figure 4. Model space determined by
fx;A;B;C;D;B;C;yq.

Example 4.2. To illustrate the procedure described in Theorem 4.1 con-
sider the 1-dimensional -complexon the left in Figure 3. The gallery de-
termined by the sequenceof points fx; A; B;C;D;B; C;yg is shonvn on the
right and the model spacefor this sequencds showvn in Figure 4. The vec-
tors in the model spaceare the vectors #. In this example z; and z have
negative secondcoordinates, the total length is at least , and thus this is
not a solution to the system of equationsand inequalities.

There is a similar theorem for circular galleries.

Theorem 4.3. If K is a nite n-dimensional -complexand Gis a circular
gallery in K, then we can construct a boolean combination of polynomial
equations and inequalities which has a solution if and only if the gallery G
contains a closeal piecewisegeodesicof lengthlessthan 2 . As a consguene,
there exists an algorithm to test whether G contains such a closal piecewise
geodesic.

Proof. The proof is nearly identical to the one above, soonly the di erences
will be noted. We begin noting that the circular gallery G was constructed
by rst creating a linear gallery G° and then identifying the two endcellsof
G’ by an isometry. We will needthe unidenti ed linear gallery G°to create
someof our equations. By picking a point in top cell as a basepint of the
loop, we may assumethat the endcellsof G° are top cells.
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The notation is as before,but slightly modi ed sinceGis circular. There
isaloop °:C! Gandapath 9:[0;']! G Thereisalist L = fO<
X1 < Xp < < Xk < g [0;°) where the point {x;) is contained in
the interior of a bottom cell of G° denoted ;. Moreover, Cis a piecewise
geadesicwhoseimage is determined by the points {x;). Let V denotethe
set of 0-cellsin G° let E denote the set of 1-cellsin G°.

Step 1: Sameas above with G replacedby G°% The solutions to this
systemof equationsare in one-to-onecorrespondencewith the possiblemaps
from G°to " which restrict to an isometry on ead closedcell of G°.

Step 2: Sameas above with the addition that since x; and xy are two
preimagesof the samepoint in G, we add equations that state that ead
coe cien t variable usedto describe ¥y asa positive linear combination of the
vectors t, corresponding to the O-cellsin 1, is equal to the corresponding
coe cien t variable usedto describe y as a positive linear combination of
the vectors d, corresponding to the 0-cellsin . The correspndenceof
the O-cellsis determined by the isometry usedto obtain G from G’ The
variablesand equationsin steps1 and 2 ensurethat encaded in any solution
to the system so far is the description of a piecewisegealesic loop which
travels monotonically around G.

Step 3. Sameas above.

Step 4. When we were chedking length lessthan  this only involved
cheking whether all the secondcoordinates were positive. This time the
length calculation should determine whether the length is lessthan 2 which
is more involved. For eah i = 2;::: ;k 1 add new variablesp; and g and
equations of the form

Pizi+ GZia = %
pi<Oorg <0

This is just a polynomial way of saying that z; is not a nonnegative linear
conmbination of z and ., (which ensuresthat the total length is lessthan
2 ). To seethis note that if zj.1 ever comesbadk around the full circle in
this model space,then z; will be a nonnegatiwe linear combination of z; and
Zi+1, 1> 1.

Combining all of the variables and equationsintroducedin ead of these
steps,we get a booleanconbination of polynomial equationsand inequalities
which has a solution if and only if G contains a piecewisegealesic loop of
length lessthan 2 . The secondassertionfollows immediately from Tarski's
theorem. O

Remark 4.4 (Coe cien ts). The only equationsin these systemswith po-
tentially non-rational coe cien ts are the equations of the form ¢, to =
cos(). Such an equation can be rewritten as the equation (t, tho)? =
cog( ), and an inequality stipulating that t, t,0 hasthe appropriate sign.
Thus, if coq ) is at worst a square root of a rational number, using this
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alternative ensuresthe systemsuse only rational coe cien ts. Such consid-
erations can play a signi cant role when implementing algorithms, and we
will explore the issueof coe cien ts in greater detail in Section 6.

5. Detecting local geodesics

In this section we discusshow to seard for local geadesicsof bounded
length in a linear or circular gallery using boolean conbinations of polyno-
mial equations and inequalities. The requiremert that the paths be local
gedlesicsinstead of merely piecewisegeadesicsis the main complication.
In the processwe shaov how to bound the length of a linear gallery which
can cortain a short gealesic. The results in this section will be proved by
induction on n. We begin with dimensionn = 1.

Theorem 5.1. If K is a nite n-dimensional -complexand G is a linear
gallery in K, then there existsa boolean combination of polynomial equations
and inequalities which hasa solution if and only if G contains a local geodesic
of lengthlessthan whoseimagein K is alsoa geodesic. As a conseuen®
there exists an algorithm which determines whether or not G contains such
a gedesic.

Proof. When n = 1, the system created is the one created in the proof
of Theorem 4.1. BecauseK and henceG have dimension 1, the piecewise
gealesicsencaded in a solution to this system will be precisely the local
gedalesicscontained in G, and they will also remain local gealesicswhen
immersedinto K.

For n > 1, we may assumethat results in this section have already been
proved in lower dimensions. Let P denote the system created in the proof
of Theorem 4.1. In essencewe will start with P and then add restrictions
to require that any piecewisegeadesicsencaded in a solution to P will be
locally gedesic at the transitions between the gealesic pieces. We will
use the notations establishedin the proof of Theorem 4.1 without further
commert.

Let ; be a bottom cell of G. Given any two points a and bin ,, the
links link ( (a);K) and link ( (b); K) are canonically isometric. Let L; be
this well-de ned -complexand note that its dimensionis strictly lessthan
n. In generalthe cellsin L; will not be proper sowe assumethat it hasbeen
suitably subdivided. Notice that the three points (x; 1), (Xj) and (Xj+1)
determine two points in Lj. The complex L; will have a nite number of
galleries which could possibly contain a geadesic of length lessthan by
Lemma 5.6. Let G; be the list of such galleriesin L;. For ead gallery in
G; we write down the variables and equations necessaryto the encale a
generic path determined by crossingpoints into the gallery (this would be
steps1 and 2 in Theorem 4.1). Do this for ead gallery in G; and repeat
this procedure for ead of the links L;. Each gallery in ead link will use
distinct variables.
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For ead i and for ead gallery H; in Gj, we create a systemV;; which
is a boolean conmbination of polynomial equationsand inequalities. First we
create the equations and inequalities neededto sa that the three points

(X; 1), (xij) and (xj+1) determine two points in L; which lie in the end-
cellsof Hj. Then we add the boolean combination of polynomial equations
and inequalities (which exist by the lower-dimensional versionsof this the-
orem) which have a solution if and only if there is a local geadesicin H;
connecting these exact points in its endcells.

Intuitiv ely, the systemV;; hasa solution if and only if the the piecewise
gedalesicin G which is encadedin a solution of the systemP, there is a path
lessthan cortained in the gallery H; in the link of the point (x;) pushed
into K. More informally, we might say that the solutionsto V;; encade the
piecewisegeadesicsin G which have a \kink" at ( (X;)) aswitnessedby a
short path through gallery H;.

The nal systemis onewhich starts with P and subtracts o the solutions
to ead of the V;; . Clearly, this is a boolean combination of these solution
sets. This nal system will have a solution if and only if G corntains a
piecewisegedalesic of length lessthan  which does not fail to be locally
gedlesicin any of the nite number of possibleways which are available to
it. In other words, if and only if G contains a local geadesic of length less
than . Finally, the algorithmic assertionfollows immediately from Tarski's
Theorem. O

There is a similar theorem for circular galleries.

Theorem 5.2. If K is a nite n-dimensional -complexand Gis a circular
gallery in K, then there existsa boolean combination of polynomial equations
and inequalities which hasa solution if and only if G contains a local geodesic
of length lessthan 2 whoseimage in K is also a local geodesic. As a
consauen@ there exists an algorithm which determines whether or not G
contains such a gendesic.

Proof. The proof is identical to the oneabove, but starting with the system
createdin the proof of Theorem 4.3. Everything elseis unchanged. O

Next, we shonv how to construct the number N in dimension n.

Lemma 5.3. If K be a n-dimensional -complexwith nitely many shapes
and ° > 0 is a real numkter, then there is an algorithm which computesan
integer N suchthat every local geodesic contained in a linear geodesic G of
sizeN in K haslength at least ".

Proof. Note that Theorem5.1shavsthat it is possibleto determine whether
any specic linear gallery G cortains a local gedesic of length less than

. To nd the smallest value of N which will work for = =  we simply
test a represenativ e of ead equivalenceclassof galleries of size 1, then a
represenativ e of eat equivalenceclassof galleriesof size 2, etc. That there
isa nite constructible list of such galleriesis guaranteed by Lemma3.15. As
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soon aswe nd an N sud that all galleriesof sizeN do not contain a local
gedalesicof lessthan length , we are essetially donesinceby Remark 1.12
it issucient to nd N for a singlenumber *. That such an N must exist
follows from Theorem 1.11 and the fact that local geadesicscontained in
linear galleries of size N themseles have size N. Note that we are using
the fact that geadesics\contained in" Gremain in the interior of the gallery
(Remark 3.7). A gedesic between the endcellsof G which is allowed to
contain points from the boundary of G may very well have a smallersize. O

Now that we have showvn that the N in Theorem 1.11is constructible, we
can state the following corollaries.

Corollary 5.4. Let K be a nite n-dimensional -complexand let * be a
xed real numkbker. Given open cells and in K there is a nite, con-
structible list of linear galleries from to , basel only on Shapes(K) and
*, such that every geodesic from to  of length at most ~ determines a
gallery in this list.

Proof. Let N be a sizewhich guararntees a length greater than = and then
construct all possiblelinear gallerieswith sizeat most N up to equivalence
(Lemma 3.15), and then construct all possiblemaps from G to K starting
at . This is possiblesince N exists (Theorem 1.11), it is constructible
(Lemma 5.3), and K is locally- nite. O

Corollary 5.5. Let K be a nite n-dimensional -complexand let * be a
xed real number. There is a nite, constructible list of circular galleries
such that every closal geodesic of length at most = determines a circular
gallery in this list.

Proof. Let N be a sizewhich guarantees a length greater than ~ and then
construct all possiblecircular galleries G with sizeat most N up to equiva-
lence(Lemma 3.15), and then construct all possiblemapsfrom Gto K. This
is possiblesince N exists (Theorem 1.11), it is constructible (Lemma 5.3),
and K is locally nite. O

Finally, we prove a lemma to complete the induction.

Lemma 5.6. Let K be a nite n-dimensional -complex. Given open cells

and in K, there exists a boolean combination of polynomial equations
and inequalities which has a solution if and only if there is a geodesicin K
from some point in to somepoint in of length lessthan . A similar
statement holds when the points in and are specied.

Proof. First note that any such gealesic determines a linear gallery. By
Corollary 5.4we canconstruct a nite list L which cortains all linear galleries
G! K from to which could possibly be determined by a geadesic of
length lessthan . For ead galleryin L, useTheorem5.1to createa system
of polynomial equations which has a solution if and only if this particular
gallery doesnot contain a piecewisegeadesic of length lessthan . If eah



CAT(0) IS AN ALGORITHMIC PROPERTY 20

of these systemsare created using distinct variables, then their union will
be a nite systemwhich hasa solution if and only if there doesnot exist a
path in K from  to  of length lessthan . O

6. Coefficients

The results in this section are a slight digression. Let K be a nite n-
dimensional -complex. In this section we show that the type of numbers
which show up as coe cien ts of the polynomials usedto test whether K
is locally CAT (0) are no worse than the typesof numbers which shov up
as lengths of 1-cellsin K. A preciseversion of this claim is contained in
Theorem 6.6 where it is preseried in terms of F-simplices.

De nition 6.1 (F-simplices) Let F be a subeld of andlet ben-
dimensional Euclidean simplex. If the square of the length of eat 1-cell in
liesin F, then s called an F-simplex

Lemma 6.2. Let F be a subeld of , let " be an k-dimensional
Euclidean simplex with verticesv;j, i = 0;:::;k, and let v be the vector
from vp to v;. The following conditions are equivalent:

1. is an F-simplex,

2.% v 2 F forallij,

Proof. (2) 1) Sincejjwijj2 = v w we concludethat the squareof the length
of the edgeconnectingvg to v; liesin F, and since

v wiZP= (oW (v ow) = iwiiP+ivii® 2w v
we concludethat squareof the length of the edgeconnectingv; to v;, i;j >
0, liesin F aswell. (1) 2) Sincethe square of the length of the edge
connecting vp to v; is jjwjj? = % W, we concludethat ¥; ¥ liesin F when
i = j. Similarly, the squareof the length of the edgeconnectingv; to v; is
iy, wii? = jivii? + jiviii?> 2% w. Sincethis result liesin F, 2isin
F, and the rst two of its terms liesin F by assumption, we concludethat
¥ ¥ 2 F fori6 | aswell. O

Lemma 6.3. LetF beasubeld of andlet " be an k-dimensional
F -simplex with one vertex, vg, at the origin. There is an orthogonal basis
U of " suchthat the squaed length of each basis vector in U liesin F and
all of the coordinates of all of the verticesof , relative to U, liesin F.

Proof. By replacing " with the subspacespannedby the vectorsy; if nec-
essary we may assumethat k = n and that collection of vectorsV = fw;gl,
isabasisfor ". Next apply the Gramm-Schmidt processto V without nor-
malizing the nal result. Specically, let &, = », and for i > 1 inductively
de ne

X1 Y Uj
o Y

j -

j=1
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An easyinduction shows that t; is an F-linear combination of the vectors
¥,] i sothat the fraction in front of the vector t; in the above equation
is an elemert of F. In particular, the change of basismatrix connectingU
and V is an upper triangular matrix over F with 1's down the diagonal.
As a result, the sameis true about the change of basismatrix goingin the
other direction, thus shawing that ead v; is an F -linear combination of the

vectorstj with j . O

Lemma 6.4. If F beasubeld of and is a F-simplex, then the squae
of each trigonometric function of each dihedral anglein liesin F.

Proof. First note that it is su cien t to prove this for the squareof the cosine
of such anangle. Let V = fvg;::: ;vkgbethe setof verticesof . A dihedral
angle betweentwo facesof is determined by a subsetS V and distinct
s;t 2 V nS. In particular, there is a dihedral angle between the face
determined by S| fsg and the facedeterminedby S| ftg. By renumbering
if necessarywe may assumethat S = fvg;:::;Vi 19, S= Vi, andt = vj41.
Using the orthogonal basisU derived in Lemma 6.3, it is clear that cos?( )
liesin F. Specically, is angle betweenthe projections of vecy and w41
into the subspaceperpendicular to the subspacedetermined by S. In the
basisU, this projection is accomplishedby simply \zeroing out” the rst i 1
coordinates. As a result these projections are still F-linear combinations of
the basisvectors. That cos’( ) liesin F now follows immediately. O

One special casewhich desenesto be highlighted is wherethe eld F =
An angle for which cos’( ) is rational is called geodetic. See[6] for a
computational description of the spaceof geadetic angles.

Corollary 6.5. If beaEuclidean -simplex, then everydihedral anglein
is geodetic.

Notice that -simplices are quite common. For example, every simplex
in a simplicial decomposition of a rational polytope will bea -simplex.

Theorem 6.6 (Coecients). Let K be a nite simplicial -complex and
let F be asubeld of . If everysimplexin K is an F-simplex, then the
systemsof polynomial equations and inequalities usel to test whetherK is
locally CAT (0) havecoe cients which belongto F.

Proof. As we mertioned in Remark 4.4, the only coe cien ts usedwhich are
not integersare equal to cos’( ) for somedihedral angle in somesimplex
of K. But by Lemma 6.4, this number liesin F. O

Similar theorems could clearly be derived for other curvatures, but they
will not be pursued here.

7. The Main Theorem

At this point the proof of Theorem B is nearly immediate.
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Theorem 7.1. There exists an algorithm which determineswhetheror not
a nite -complexcontains a closal geodesic of length lessthan 2 , and as
a consejuene there exists an algorithm which determineswhetheror not a
nite  -complexis glokally CAT (1).

Proof. A closedgedesicof length lessthan 2 in the complexwould deter-
mine a circular gallery which contains it. By Corollary 5.5 there is a nite,
constructible list of circular galleriesin K which could possibly cortain a
closedgedesicof length lessthan 2 , and by Theorem 5.2 we can test eah
one for the presenceof a short closed gealesic which survivesin K. This
provesthe rst assertion.

To prove the secondlet K bethe nite -complexunder consideration.
By Theorem 2.3 and Theorem 2.4 it is su cien t to shav that K contains
no closed gealesic of length lessthan 2 and that for ead cell B in K,
link (B;K) contains no closedgedaesicof length lessthan 2 . SinceK and
link (B;K) are nite -complexesfor all cellsB, the rst part of the proof
shows that theseare chedable conditions. O

Theorem B. There existsan algorithm which determineswhetheror not a
nite M -complexis locally CAT( ).

Proof. For ead vertex v in K, the link link (v;K) isa nite -complexand
by Theorem7.1we canchedk whetherit is globally CAT (1). By Theorem2.4
this is su cien t. O

As can be seenfrom the proof, it is actually su cien t for the complex K
to belocally- nite, solongas(1) only a nite list of nite -complexesoccur
as links of O-cellsup to isometry, and (2) there is a constructive procedure
for enumerating this nite list.

Computational real algebraic geometry is able to show that testing cur-
vature conditions is decidable and algorithmic, but the real algebraic sets
described here quickly reach the limit of what is realistically computable us-
ing current techniques. For the working geometric group theorist who would
like software which determinesthe local curvature of a nite M -polyhedral
complex, there are essetially two main options:

use sophisticated techniques from computational real algebraic geom-
etry to speedup the computations, or

dewelop alternative, simpler algorithms which work directly with the
geometry

Both strategiesare currently under investigation. The latter strategy, in
particular, has already produced results in the form of a direct geometric
algorithm to determine the local curvature of a 3-dimensionalM -complex
using only elemertary 3-dimensionalgeometry This result can be found in
[7]. At this point, the following question remains open:

Open Question 7.2. Is there a direct geometric algorithm which deter-
minesthe local curvature of a nite M -complexin dimensionsgreater than
3?
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